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Bond-Alternation-Induced Topological Quantum Gaussian Transition and Topological Quantum
Crossover in Ising Chains with the Dzyaloshinskii-Moriya Interaction
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Chongqing University, Chongqing 400044, The People’s Republic of China
Non-local orders, entanglement entropy, and quantum fidelity are investigated in an infinite-size bond-
alternating Ising chain with the Dzyaloshinskii-Moriya interaction by employing the infinite matrix product
state representation with the infinite time evolving block decimation method. Directly computing two distinct
types of finite string correlations for very large lattice distances, in contrast to an extrapolated extreme value for
finite size chains, reveals two topologically ordered phases. As the bond alternation varies, a topological quan-
tum phase transition with continuously variable critical exponents along the phase boundary occurs between
the two Haldane phases for the Dzyaloshinskii-Moriya interaction stronger than the Ising interaction, while a
topological quantum crossover between them happens through an intermediate antiferromagentic phase demon-
strated with the quantum fidelity for the Dzyaloshinskii-Moriya interaction weaker than the Ising interaction.
The critical exponents of the order parameters and the central charges from the entanglement entropy quantify
the universality classes of the phase transition points. Anisotropic Heisenberg types of spin chains with bond
alternations are finally discussed to share the same criticality.
PACS numbers: 75.10.Pq, 03.65.Vf, 03.67. Mn, 64.70.Tg
Introduction.− Topologically ordered states [1] beyond the
Landau paradigm of spontaneous symmetry breaking [2] have
been studied intensively and extensively in condensed mat-
ter systems. Moreover, such robust states against trouble-
some decoherence are of rapidly growing interest in the field
of quantum information processing and computation [3, 4].
Similarly to the quantum Hall states [1], a quantum phase
transition without explicit symmetry breaking can occur be-
tween such topologically ordered phases in spin lattice sys-
tems, which can be called topological quantum phase transi-
tion (TQPT). Examples include a spin-1/2 model on square
lattice [5], Kitaev spin-1/2 model [4, 6], toric-code model [7],
bond-alternating Heisenberg chain [8], and so on. Character-
izations of such topological quantum phase transitions have
become one of the most important topics in quantum many-
body systems.
As a trigger, a bond alternation on spin-1/2 lattices [9–11]
can generate non-local string orders [12, 13] that can charac-
terize a topologically ordered phase, for instance, the Haldane
phase [14]. In this work, we characterize quantum phase tran-
sitions induced by a bond alternation on Ising chains with the
Dzyaloshinskii-Moriya (DM) interaction. By employing the
infinite matrix product state (iMPS) representation with the
infinite time evolving block decimation (iTEBD) method de-
veloped by Vidal [15], we calculate long-range string orders
directly for very large lattice distances [16]. The bond alter-
nation is shown to enable to realize the topologically distinct
ordered phases distinguished by two long-range string orders,
respectively. Between them, we observe (i) a direct phase
transition that belongs to the Gaussian universality class, or
(ii) an indirect transition (crossover) with two Ising-type phase
transitions. Entanglement entropy [17, 18] verifies the phase
transitions and their universality classes with central charges.
Groundstate fidelity per lattice site (FLS) [19–21] also demon-
strates groundstate degeneracies that determine a Z2 broken-
symmetry phase for the topological quantum crossover (TQC)
as well as the phase transitions.
Model and string order parameters.− Let us consider the
model Hamiltonian
H =
∞∑
j=−∞
(
1 + (−1) j δ
)[
D · S j × S j+1 + J S zjS zj+1
]
, (1)
where S αi (α ∈ x, y, z) are the spin-1/2 operators at lattice site
i, J(> 0) and D denote the Ising and the DM interactions,
respectively. The bond-alternation parameter ranges as −1 ≤
δ ≤ 1. We choose D = D zˆ with D > 0. For clarity, we
study mainly the system in Eq. (1). However, adding a term∑
j
(
1+ (−1) j δ
)
( S xj S xj+1 + S yjS yj+1) in Eq. (1) does not change
the physics of criticality, will be discussed later.
Based on the bond alternation, one can define two string
order parameters [22, 23] as
Oαstr,even= lim|i− j|→∞
−4
〈
S α2i exp
iπ
2 j−2∑
k=2i+1
S αk
 S α2 j−1
〉 , (2a)
Oαstr,odd= lim|i− j|→∞
−4
〈
S α2i+1 exp
iπ
2 j−1∑
k=2i+2
S αk
 S α2 j
〉 , (2b)
where α = x, y, and z. Our iMPS groundstate wavefunction
allows us to directly calculate the defined string orders [16].
Figure 1(a) and 1(b) show, respectively, the even and the odd
string order parameters O z
str,even/odd in δ-(D/J) plane. In fact,
Ostr,even(δ) = Ostr,odd(−δ) for a given D/J. As the bond alter-
nation δ varies, the even (odd) string order parameter is finite
for δ > δ+c (δ < δ−c ), where the phase boundary functions are
obtained as
δ±c (J, D) = ∓ δc Θ(J − D) (3)
with δc = (D − J)2/(AD + J)2, the numerical fitting constant
A ≃ 5/4, and the unit step function Θ(x) representing equal to
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FIG. 1: (Color online) (a) Even and (b) odd string order parameters,
Ostr,even/odd , in the δ-(D/J) plane. (c) Ostr,even as a function of |δ − δc|
for various DM interactions D = J, 1.8J, 4J, and 9J, corresponding
to the numerical critical exponents β = 1/12, 1/8, 1/5.688, and 1/5,
respectively. (d) β as a function of D/J in the Ostr,even . Here, note that
Ostr,even(δ) = Ostr,even(−δ). In (a) and (b), the red lines are the phase
boundaries. The truncation dimension is χ = 32.
0 for x < 0 and 1 for x ≥ 0. Other components of the string
order parameters are zero, i.e., O x/y
str,even/odd = 0. Thus, the
finite even (odd) string order parameter characterizes a topo-
logically ordered phase, i.e., the gapful even (odd) Haldane
phase [12, 13, 24]. Similarly to the spin-1 Heisenberg chain
understood by the hidden Z2 × Z2 breaking symmetry [25], a
similar hidden symmetry breaking may occur for each phase.
In addition, the phase boundaries of topological character-
izations in Eq. (3) expose two ways changing from one Hal-
dane phase to the other Haldane phase as the bond alternation
varies. (i) For J ≤ D, the even (odd) string order parameter
is finite for δ > 0 (δ < 0) with δ±c = 0, which implies that
a TQPT occurs at δ = 0. (ii) For J > D, i.e., δ±c = ∓δc, the
even and the odd string order parameters have a finite value
for δ > −δc and δ < δc, respectively. The system is then in
the odd (even) Haldane phase for δ < −δc (δ > δc). However,
the order parameters coexist for −δc < δ < δc. This implies
that a TQC occurs from the even Haldane phase to the odd
Haldane phase or vice versa in the range of the bond alter-
ation, −δc < δ < δc. In some sense, our system with such
topological phase changes resembles an anisotropic antiferro-
magnet, possessing a magnetic crossover with two continuous
phase transitions at phase boundaries, such as GdAlO3, where
anisotropies favors spin alignment along particular lattice di-
rections, breaks an On symmetry, and give rise to a multicriti-
cal point, particularly, a tetracritical point [26–28].
Topological quantum Gaussian transition.− In order to ob-
tain the critical exponents of the string order parameters, in
Fig. 1(c), we plot the string order parameter Ostr,even as a func-
tion of |δ − δ+c | for various values of D/J. Note that the string
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FIG. 2: (Color online) (a) Von Neumann entropies S odd in the δ −
(D/J) plane with χ = 32. Here, S odd(δ) = S even(−δ). (b) Divergence
of the correlation lengths ξ as a function of the truncation dimension
χ at the critical points. (c) Divergence of von Neumann entropies as
a function of χ at the critical points in (b). The C’s are given in the
text.
order parameters scale as Ostr,even ∝ |δ − δ±c |2β and the crit-
ical exponents β(D/J) depend on the chosen values of D/J.
Figure 1(d) shows the (D/J) dependence of the critical ex-
ponents. For the TQPT with J ≤ D, the critical exponent
β(D/J) increases from β(1) = 1/12 as D/J increases from
D/J = 1. Especially, for J = D [Fig. 1(c)], the critical expo-
nent β = 1/12 corresponds to the value in the bond-alternating
spin-1/2 Heisenberg chain [8, 22]. Also, for D = 4J [Fig.
1(c)], the critical exponent β = 1/5.688 is very close to the
value β = 1/
√
32 predicted for the surface-roughening tran-
sition in the 2D classical model [29] and the Gaussian transi-
tion in the spin-1 chain with single-ion anisotropy [30]. Such
correspondences of the critical exponents in different physical
systems demonstrates the common physics of the Gaussian
type transitions. Furthermore, by using the critical exponent
function 1/β(λ) = (B1/π) cos−1[−λ]−B2 for the Gaussian tran-
sition in the Ashkin-Teller model (B1 = 16 and B2 = 4) [31],
our numerical fitting denoted by the solid line gives the nu-
merical constants B1 = 16.68 and B2 = 3.95 with λ = J/D
[Fig. 1(d)]. The continuous variable critical exponent shows
that the TQPT for J ≤ D is a topological quantum Gaussian
transition, while the inset of Fig. 1(d) shows an Ising type of
continuous phase transitions for J > D because β = 1/8 at
δ = ±δc.
Quantum entanglements and central charges.− Singular
behaviors of the von Neumann entropy reveal quantum crit-
ical behavior. They have been verified to obey a universal
3scaling law in one-dimensional lattice systems in the thermo-
dynamic limit and, at critical points, are related to a universal
factor, i.e., a central charge of associated conformal field the-
ory [17, 18]. Let us consider quantum entanglements between
two half-infinite subsystems. Our system is partitioned into
the left and the right half-infinite subsystems denoted by L
and R. The von Neumann entropy between L and R is defined
as S = −TrρL log2 ρL = −TrρR log2 ρR in terms of the reduced
density matrix of subsystems ρL or ρR. In the iMPS represen-
tation, the von Neumann entropy can be expressed in terms of
the Schmidt coefficients, λα, as S = −
∑χ
α=1 λ
2
α log2 λ2α. Due
to the bond alternation, there are two types of Schmidt co-
efficient matrices that describe two possible ways of the par-
titions, i.e., one is on the even sites, the other is on the odd
sites.
In Fig. 2(a), the von Neumann entropy S odd is plotted in δ-
(D/J) plane. The singular behaviors (peaks) of the entropy in-
dicate the phase transition along the phase boundaries δ = δ±c .
Note that the entropy peak at δ = 0 for J ≤ D is split into
the two peaks at δ = ±δc for J > D. Since the two von Neu-
mann entropies S even/odd depending on the even- or the odd-
site partitions satisfy S odd(δ) = S even(−δ), the S odd has the
same singular behaviors along the phase boundaries δ = δ±c .
In Fig. 2(b), the correlation lengths ξ(χ) are plotted as a func-
tion of the truncation dimension χ for the critical points. As
the truncation dimension increases, the correlation lengths ξ
scale to diverge as ξ(χ) = ξ0 χκ, which means the scale in-
variance of the system in the thermodynamic limit [17, 18],
with the numerical finite-entanglement scaling exponents κ,
(i) ξ0 = 0.073 and κ = 2.031 at C1(δ, D/J) = (0.2651, 0.3),
(ii) ξ0 = 0.0727 and κ = 1.5126 at C2 = (0.0085, 0.8), (iii)
ξ0 = 0.217 and κ = 1.323 at C3 = (0, 1), and (iv) ξ0 = 0.298
and κ = 1.376 at C4 = (0, 4). In Fig. 2(c), we show the log-
arithmic scaling of the von Neumann entropy S (χ) for the
critical points. From the κ’s in Fig. 2(b), the linear fittings
S (χ) = S 0 + (cκ/6) log2 χ [18] yield (i) the central charge
c ≈ 0.505 with S 0 = 0.0809 at C1, (ii) c ≈ 0.4979 with
S 0 = 0.5491 at C2, (iii) c ≈ 1.002 with S 0 = 0.3816 at C3,and
(iv) c ≈ 1.003 with S 0 = 0.521 at C4. Consequently, the char-
acteristic entanglement properties confirm that for J ≤ D, the
TQPT between the even- and the odd-Haldane phases at the
critical points δ = 0 is a Gaussian transition which is charac-
terized by the central charge c = 1 and the occurrence of a
phase transition between two gapful phases with the continu-
ous variable critical exponent of the string order parameters.
For J > D, the central charge c = 1/2 at the phase boundaries
δ = ±δc also confirms that an Ising type of phase transitions
occurs along the boundaries of the TQC.
Quantum fidelity per site and intermediate antiferromag-
netic phase for topological quantum crossover.− Although
the TQPT occurring without any explicit symmetry break-
ing has been understood by the string order parameters, our
system can undergo a symmetry breaking because the Hamil-
tonian in Eq. (1) is invariant under the unitary transforma-
tion U =
∏
U2i ⊗ U2i+1 with U2 j = σx and U2 j+1 = σy,
i.e., UHU† = H, and then possesses a Z2 symmetry gener-
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FIG. 3: (Color online) Fidelity per site d(|ψn〉, |φ〉) as a function δ
for (a) D = 0.3J and (b) D = J (∂d/∂δ in the inset). (c) Staggered
magnetizations Mz from the two groundstates |ψ1〉 and |ψ2〉 for D =
0.3J. (d) The critical exponent β = 1/8 from Mz ∝ |δ − δc|1/8 for
D = 0.3J and δc = 0.2657.
ated by the transformation U. If the system undergoes explic-
itly a spontaneous breaking of the Z2 symmetry in the inter-
action parameter space, it has a Z2 broken-symmetry phase
with a doubly degenerate groundstate. Thus, in order to clar-
ify whether the Z2 symmetry breaking occurs, let us consider
a quantum fidelity that allows us to determine groundstate
degeneracy in one-dimensional infinite quantum lattice sys-
tems [19, 20]. We employ the FLS d(|ψn〉, |φ〉) in Ref. 20 as
ln d(|ψn〉, |φ〉) ≡ limL→∞(1/L) ln F(|ψn〉, |φ〉), where the quan-
tum fidelity is F(|ψn〉, |φ〉) = |〈ψn|φ〉|, L is the system size, |ψn〉
is an iMPS groundstate calculated with the randomly chosen
n-th initial state for given parameters, and |φ〉 is an arbitrary
chosen reference state. If F has N projection values onto the
reference state, the system has N degenerate groundstates. By
using many random initial states for given parameters, we de-
tect a degenerate groundstate. In Fig. 3, the FLS d(|ψn〉, |φ〉)
shows that the system has a doubly generate groundstate for
−δc < δ < δc and J > D [Fig. 3(a)] and a single ground-
state for J ≤ D [Fig. 3(b)]. Note that the bifurcation points
[19, 20] at δ = ±δc correspond to the phase boundaries [Fig.
3(a)] and the singular behavior [21, 32] at δ = 0 in the deriva-
tive of the FLS over the bold alternation δ indicates the phase
transition point [the inset of Fig. 3(b)]. As a result, the doubly
degenerate groundstate implies that the topological quantum
crossover region, i.e., −δc < δ < δc for J > D, is a Z2 broken-
symmetry phase.
For the Z2 broken-symmetry phase, actually, there are the
two groundstates {|ψg〉,U |ψg〉} that satisfy H|ψg〉 = Eg|ψg〉
or HU |ψg〉 = EgU |ψg〉 with the groundstate energy Eg, and
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FIG. 4: (Color online) (a) Dimer order OD,odd and (b) Chiral order
OC,odd in the δ-(D/J) plane.
they are not equal, i.e., |ψg〉 , U |ψg〉. One can then denote
|ψ1〉 = |ψg〉 and |ψ2〉 = U |ψg〉. Due to the transformations of
the spin operators as US zjU
† = −S zj and US zjS zkU† = S zjS zk,
the local magnetizations and the spin-spin correlations from
the two groundstate wavefunctions might have the relations
〈ψ1|S zj|ψ1〉 = −〈ψ2|S zj|ψ2〉 and 〈ψ1|S zjS zk |ψ1〉 = 〈ψ2|S zjS zk|ψ2〉,
respectively. Further, for J > D, the nearest spin-spin cor-
relation is antiferromagnetic, i.e., 〈ψ|S zjS zj+1|ψ〉 < 0. In
Fig. 3(c), then, we plot the staggered magnetization Mz =
〈(S zj − S zj+1)/2〉 as a function of δ. The two groundstates give
a finite staggered magnetization for −δc < δ < δc and Mz =
〈ψ1|(S zj − S zj+1)/2|ψ1〉 = −〈ψ2|(S zj − S zj+1)/2|ψ2〉. The string
order parameters calculated from the two degenerate ground-
states are the same each other, i.e., 〈ψ1|Ostr,even/odd|ψ1〉 =
〈ψ2|Ostr,even/odd|ψ2〉, as it should. In addition, Fig. 3(d) shows
that the staggered magnetization scales as Mz ∝ |δ − δc|β with
the critical exponent β = 1/8. Consequently, the TQC re-
gion is characterized by the local order, i.e., the staggered
magnetization. The valance bond solid picture [9] may state
that a nonlocal string order for a Haldane phase captures so-
called ‘dilute’ antiferromagnetic phase. Hence, the TQC be-
tween the two distinct ‘dilute’ antiferromagnetic phases, i.e.,
the even- and the odd-Haldane phases, occurs via the interme-
diate antiferromagnetic state as the bond alternation δ varies
for J > D.
Dimer and chiral orders.− Due to the symmetry of the
Hamiltonian in Eq. (1), the system can have the other local
orders that have nothing to do with the Z2 symmetry break-
ing. To show this point explicitly, in Fig. 4(a) and 4(b), the
odd dimer and the odd chiral orders are plotted in δ − (D/J)
plane. Here, the dimer and the chiral orders are defined as
OD,even = 〈~S 2 j · ~S 2 j+1 − ~S 2 j+1 · ~S 2 j+2〉, OD,odd = 〈~S 2 j−1 · ~S 2 j −
~S 2 j · ~S 2 j+1〉, OC,even = 〈~S 2 j × ~S 2 j+1〉z, and OC,odd = 〈~S 2 j−1 ×
~S 2 j〉z. They satisfy the relations OD,odd(δ) = OD,even(−δ) with
OD(0) = 0 and OC,odd(δ) = OC,even(−δ) with OC(0) , 0. As
they should be, 〈ψ1|OD,even/odd|ψ1〉 = 〈ψ2|OD,even/odd|ψ2〉 and
〈ψ1|OC,even/odd|ψ1〉 = 〈ψ2|OC,even/odd|ψ2〉. Both the dimer and
the chiral orders are finite in the whole parameter range, which
implies that they cannot distinguish the two Haldane phases.
Hence, only the two string order parameters distinguish the
two Haldane phases.
Relations to other spin models.− Actually, our results can
be shared to understand other spin-1/2 lattice models with
bond alternations. Using the non-local transformation ˜H =
exp[−i∑ j α jS zj]H exp[i∑ j α jS zj], the anisotropic Heisenberg
chain with the DM interaction H′ =
∑
j
(
1 + (−1) j δ
)[
D ·
S j × S j+1 + ∆( S xjS xj+1 + S yjS yj+1) + J S zjS zj+1
]
can be mapped
to a spin-1/2 XXZ chain with the bond alternation, ˜H′ =∑
j(1+ (−1) j δ)[
√
D2 + ∆2(S xjS xj+1+S yi S yj+1)+ J S zjS zj+1], with
α j − α j+1 = tan−1[D/∆] or a form of Eq. (1), ˜H′ =∑
j(1+ (−1) j δ)[
√
D2 + ∆2(S xjS yj+1−S yi S xj+1)+ J S zjS zj+1], with
α j −α j+1 = tan−1[D/∆]−π/2. Thus, for ∆ = 0, Eq. (1) can be
mapped to a spin-1/2 XXZ chain with the bond alternation,
˜H =
∑
j(1 + (−1) j δ)[D(S xjS xj+1 + S yi S yj+1) + J S zjS zj+1], with
α j−α j+1 = π/2. For D = 0, the H′ can also be mapped to ˜H′ =∑
j(1+(−1) j δ)[∆(S xjS yj+1−S yi S xj+1)+J S zjS zj+1] with α j−α j+1 =
−π/2. Hence, the bond alternation can lead the even and the
odd Haldane phases in the systems described by the Hamilto-
nian H′ with the DM interaction. Furthermore, according to
Kohmoto, den Nijs, and Kadanoff [31], the transformed spin-
1/2 XXZ chain with the bond alternation can be mapped to
the one dimensional quantum Ashkin-Teller model, HAT =
−∑(σzjσzj+1 + τzjτzj+1 +λσzjσzj+1τzjτzj+1)−η∑(σxj + τxj +λσxjτxj)
with λ = J/
√
D2 + ∆2 and δ = (η − 1)/(η + 1), where σαj and
ταj are Pauli matrices. This Ashkin-Teller model possesses
a Z2 × Z2 symmetry because it is invariant under the unitary
transformation σzj → −σzj and τzj → −τzj. Then, for ∆ = 0,
our topological quantum Gaussian critical line corresponds to
the δ = 0 line for −1/
√
2 < λ(= J/D) < 1 and at the δ = 0
point of the λ(= J/D) = 1 the critical line split into two Ising
critical lines δ = ±δc for our TQC λ(= J/D) > 1. The contin-
uously varying critical exponents in our topological quantum
Gaussian transition line [Fig. 1(d)] agrees well with the exact
critical exponent function for the Gaussian critical line of the
Ashkin-Teller model. At the point δ = 0 for λ(= D/J) = 1,
our model and the spin-1/2 XXZ chain are U(1) symmetric,
whereas the Ashkin-Teller model is Z2 × Z2 symmetric. The
university class of the point δ = 0 for D/J = 1 is of the
Berezinskii-Kosterlitz-Thouless type.
Summary.− We have established that the Ising chain with
the DM interaction is in the even- or the odd Haldane phases
induced by the bond alternation. For D ≥ J, the direct tran-
sition between the topologically ordered states belongs to the
Gaussian type transition. For D < J, the indirect phase transi-
tion is undergone through the intermediate antiferromagnetic
state that is distinguished by the Ising type of quantum phase
transitions from the topologically ordered states. In addition,
the quantum entanglement was shown to detect the TQPTs
as well as to classify the universality classes. The FLS was
shown to be a useful tool to detect the degenerate groundstates
indicating a spontaneous broken-symmetry phase as well as
the TQPTs. Those results have been obtained from the iMPS
numerical calculation. We have finally discussed that the same
critical phenomena can be seen in various anisotropic Heisen-
berg types of spin chain models with the bond alternation.
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